We introduce a family of Jastrow pair product states for quasi onedimensional spin systems. Depending on a parameter they interpolate be- 
I. INTRODUCTION
Following the recent discovery of a spin-Peierls transition in the inorganic compound CuGeO 3 1 there has been growing theoretical interest in this instability of one-dimensional spin chains. It has been proposed in Refs. 2,3 that frustrating next nearest neighbour (nnn) interactions in addition to an explicitely broken translational invariance due to lattice dimerization is necessary to obtain a consistent description of the experimental data. This leads to the following spin- Wess-Zumino-Witten (WZW) conformal field theory. Increasing α beyond the 'conformal point' α c the nnn coupling becomes marginally relevant, producing an exponentially small gap ∆ ∝ exp(const./(α − α c )). In this phase the system is spontaneously dimerized. The properties of the system for α > 1 have recently been discussed in Ref. 9 . Extending the discussion to general couplings in the α-δ plane the system has gap above a dimerized ground state for any nonzero δ, 10 with the valence bond ground states (1.2) on the line 2α + δ = 1 11 . Going to larger δ the Hamiltonian (1.1) corresponds to a ladder system of two coupled Heisenberg chains 12 . In addition to numerical studies, several mean-field theories have been proposed for the Hamiltonian (1.1) 13 . In this framework physical properties have been calculated giving reasonable agreement with the experimental data available for energy gaps, Raman spectra and the susceptibility of CuGeO 3 and hence further support the Hamiltonian (1.1) as a model for this substance.
In this paper we propose a family of variational states for the ground state and low lying triplet of the Hamiltonian (1.1). While it will not be possible within this variational approach to compute the thermodynamical quantities mentioned above, it turns out that the states proposed are excellent approximations to the true ground state of the system throughout the parameter region of interest here, namely 2α + δ ≤ 1. Hence they can be used to obtain very good variational bounds on energies and may provide a better understanding of the role of quantum fluctuations in these systems.
In fact, variational states have already been applied successfully to some of the systems mentioned above: the Jastrow pair product wave function 
The spectrum of this model gives a representation of the k = 1 SU(2) WZW conformal field theory 16 (note that the next nearest neighbour interaction in the HS model is very close to α c ).
The spin Peierls system and ladder like models on the other hand have been studied using short range RVB states as ground states and soliton states interpolating between the two singlet bond configurations (1.2) for the excitations 17 .
In the following section we introduce variational states depending two free parameters and prove that they are eigenstates of the total spin of the system. In Section II B we show that these states contain the valence bond states ( fermions is discussed in II C.
Finally, we apply the variational states to the spin-Peierls system (1.1) in Section III.
II. THE VARIATIONAL STATES
A. Construction
Let C 1 and C 2 be two parallels with polar angles θ and π − θ respectively on the two-dimensional sphere S 2 . For even N we choose N/2 equidistant points labeled by even numbers 0, 2, 4, . . . , (N − 2) on C 1 and similarly N/2 points labeled by odd numbers 1, 3, 5, . . . , (N − 1) on C 2 such that their azimuthal angles satisfy 2π
for i ∈ {0, . . . , (N − 2)/2}. This defines a lattice on S 2 characterized by the parameters θ and ρ consisting of two identical linear sublattices and obeying periodic boundary conditions in the azimuthal direction. The lattice points a can be described in terms of polar coordinates on the sphere, i.e. a = (cos ϕ a sin θ a , sin ϕ a sin θ a , cos θ a ). Alternatively, they may be parametrized by spinor components u a = cos(θ a /2) exp(ıϕ a /2), v a = sin(θ a /2) exp(−ıϕ a /2).
Given two points a, b ∈ S 2 we construct the spinor product
that has the following properties:
where · stands for the euclidean norm in R 3 .
Now let each lattice point carry a spin S n with S n = 1 2
. In the Hilbert space of these N spins we consider the following states (d given by (2.2)):
Here | ↑ · · · ↑ is the ferromagnetically ordered state with all spins parallel. The sum extends over all possibilities to select M out of N lattice sites and invert their spins. The sets of the selected sites are denoted by {n i }. Each of those spin-product states contributes with an amplitude that consists of a product of single-site phasefactors and a product of Jastrowlike two-site factors, depending on the underlying lattice, namely the parameters θ and ρ.
The spinor components on the nth lattice site may be rewritten up to a common factor
n w)) with w = ρ + ıκ and κ = −(N/2π) ln(cot(θ/2)). Hence, the states defined in (2.4) depend analytically on a complex parameter expressing a dimerized structure of the lattice and will be referred to as dimerized Jastrow states (DJS). Periodic boundary conditions require the parameter J to be taken integer. Requiring the DJS to have a definite total spin restricts J even further:
Clearly, the (2.4) are eigenstates of the z-component of the total spin with eigenvalue N/2 − M. To show that they are eigenstates of the total spin we rewrite S 2 as S 2 n + n<m (S
For integer J with M ≤ J ≤ N − M this gives together with the results of appendix A:
Hence, under the above condition the state |ψ N,M,J (θ, ρ) is an SU(2) highest weight state with total spin S = N/2 − M for arbitrary values of the parameters θ, ρ. In particular,
gives three triplet states with S z = 1 etc.
B. Limiting cases
From (2.2) one finds that the amplitudes of the wave functions (2.4) will be complex in general. These 'chiral' spin states are believed to arise in two dimensional spin systems due to frustrating interactions 18 (see also Section III A below). Choosing w ∈ R, i.e. θ = π 2 , all lattice sites lie on the equator of the sphere and the Jastrow-factors in (2.4) become all real: now the relative phases of the amplitudes are determined by the one-site factors alone.
In this case, some of the states discussed in the introduction can be obtained by properly choosing ρ:
are eigenstates of the Haldane-Shastry model
with the eigenvalues
The ground state is given by the singlet, the first excitations by the triplet with M = N/2 − 1,J = N/2.
In the thermodynamic limit the two spin correlation functions have been evaluated exactly by Gebhard and Vollhardt 19 . For the singlet state of (2.7) they have obtained
This result is based on an alternative formulation of the DJS that is discussed below.
(ii) w = . Here an even-numbered lattice site coincides with the next higher site. It is
The singlet of the DJS at w = 1/2 is a valence-bond-state: next neighbours are coupled to singlets. (2.11) is easily proved by calculating the scalar product of both sides. Similarly,
DJS with higher total spin cannot be cast in a comparably simple form at w = 1/2 due to the more complicated structure of the remaining amplitudes.
The two valence-bond singlets span the ground state space of the Majumdar-Ghosh model
Recently, Nakano and Takahashi have generalized this hamiltonian to a variety of models with interactions of arbitrary range that have the same property 20 . In the thermodynamic limit these models have a finite gap for excitations over the twofold degenerate ground state leading to spin spin correlations that decay exponentially at large distances. This is in contrast to the Haldane-Shastry model which has no gap and according to (2.10) correlations decaying algebraically.
Hence the DJS with θ = π/2 and M = J = N/2 interpolate between a 'resonating valence bond' singlet for ρ = 0 and the nearest neighbour 'valence bond solid' described by (1.2)
. Despite their essentially distinct properties these states have a remarkably large overlap. In Figure 1 (iii) θ → 0. For θ → 0 and finite ρ the chains C 1 ,C 2 are drawn to the poles of the sphere.
In (2.4) all amplitudes and consequently the normalisation sum become zero. In this limit tensor products of Haldane-Shastry-typed states arise. In the simplest case, the singlet-DJS, one obtains for even N/2:
14)
The first factor in the tensor product refers to C 1 , the second to C 2 . Other DJS can also be examined by expliciting their dependence on the parameters θ and ρ.
C. Relation to the Gutzwiller wave function
It is worthwhile noticing that the DJS can also be formulated analogous to the Gutzwiller wave function 21 .
Let a + nσ , a nσ be canonical creation and annihilation operators on the nth site for spin- we have 
III. APPLICATION TO THE SPIN-PEIERLS SYSTEM
We now use the DJS as variational ansatz for the low lying states of the model (1.1). As mentioned above the analytical methods of Refs. 19,22 cannot be applied to the dimerized system, hence the results presented below were obtained by numerical evaluation of the relevant matrix elements for system sizes up to N = 26 lattice sites.
A. Ground state properties
For the ground state of the model we have used the singlet-DJS (M = J = N/2) as a variational ansatz. The numerical results can be summarized as follows:
For 2α + δ ≤ 1 the expectation value of the hamiltonian is minimized by real w, i.e. , δ = 0 described by a conformal field theory. We find that non-zero ρ lead to a suppression of long-range correlations. The system sizes that we have analyzised numerically do not allow, however, to study the dependence of the correlation length on ρ.
B. Excitations
The results of the previous section suggest to use DJS with higher spin as variational ansatz for excitations of our model. Unfortunately the situation is not as clear as before.
Here we concentrate on the case δ = 0 and mention that eigenstates of the Haldane-Shastry model provide a good description of low-lying states for 0 ≤ α ≤ 0.3.
From analytical and numerical studies this model is known to be gapless for α ≤ α c . As predicted by conformal field theory, at the 'conformal point' α c is defined by the occurence of many degeneracies in addition to the usual SU(2) symmetry. Okamoto and Nomura examined the spectrum of (1.1) for δ = 0 in finite systems by numerical diagonalisation 8 .
They found a linear dependence of the energy of the ground state and the two first excitations (triplet, singlet) on α in the above intervall. From the condition, that the two excitations should degenerate, they obtained a precise value for the conformal point as α c = 0.2411 ± 0.0001. Within the concept of DJS, there is only one singlet corresponding to the groundstate, but in the HS case (w = 0) an additional singlet can be derived from the triplet excitation by using the Yangian symmetry of this model 27 .
The Yangian of the Haldane-Shastry model is generated by the total SU(2)-spin or 'level-
We do not repeat any details of this symmetry algebra and its representations here. In the HS model the lowest excitation for an even number of spins is given by the triplet-
. This state degenerates with a singlet that can be obtained by applying
and projecting onto the singlet space, i.e.
As mentioned before, the minimum expectation value of the hamiltonian on the line δ = 0 is given by the HS ground state for α ≤ α * . So we evaluated the hamiltonian also for the two excited HS states above. Note that in this ansatz there is no variational parameter included, because (3.2) is not defined for w = 0. In Figure 5 the difference of these energies with the ground state value given in Figure 2 Fr 737/2-2.
APPENDIX A: OFF-DIAGONAL MATRIX ELEMENTS OF THE DJS
To compute the action of n<m (S
with |{n i }| = M. Introducing z = e ı 2π N and µ n i = (z 2w ) (−1) n i we find
The two sums originate from hopping terms between spins separated by an even and odd number of lattice sites respectively. Combining these terms (A2) can be rewritten as
where P is a polynomial in its arguments with coefficients independent on n. Only powers
arise in the expansion (A3), so that for integer J with M ≤ J ≤ N − M the sum taken over each term of P vanishes leading to 
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